could be realized through the coupling between close planar guides, and several solutions are proposed to solve the insertion issues between Silicon planar integrated circuit and fiber [19] [20] [21] [22] . SOI mode (de)multiplexers using asymmetric Y junction or tapered asymmetrical directional couplers (ADCs) based on mode evolution have been demonstrated [12] [13] [14] [15] [16] . However, their fabrication is a big problem because a smooth tapered structure is still difficult to achieve precisely now. Alternatively, ADC based mode (de)multiplexer [17] , [18] can be low-loss, low-crosstalk and high scalability for more mode channels. The channel can be added through direct cascade. Although an eightchannel mode multiplexer based on asymmetric directional coupler has been fabricated and tested experimentally [18] , the design optimization of the parameters and performance analysis of fabrication tolerance of the ADC section using more accurate numerical method are still missing.
In this paper, design optimization of the ADC for SOI mode (de)multiplexer is presented by using a full-vectorial H-field finite element method (FEM). The width of multi-mode nanowire (NW) is optimized following the phase matching condition. As a result, the fundamental mode of access single mode NW (SMNW) can be converted to higher order mode and coupled to the multi-mode NW (SMNW). Separation between these two NWs is determined through tolerance analysis which is simulated by the least-squares boundary residual (LSBR) method. The influence of fabrication tolerances is also discussed thoroughly in this paper. The result shows that the narrow separation of 100 nm should be employed and the fabrication of the SMNW should be strictly accurate with the error of less than ±5 nm as the structure is very sensitive to the change of NW width.
II. THEORY
The number of guided modes and the propagation constants of these modes increase as the width of the SOI NW increases. For symmetric directional coupler, the width of the waveguides are identical, and as a result, power may transfer from one waveguide to the other naturally. It should be noted that for identical coupler, power cannot be exchanged between two different modes. For an ADC, power between the two guides can transfer only when these modes are phase matched and this possible when these guides are of nonidentical widths. Based on this phenomenon, mode (de)multiplexer can be realized by ADC structure. For the mode (de)multiplexer, the fundamental mode in a SMNW will be converted into the higher order mode and coupled into a SMNW when their propagation constants equal to each other or very close. Therefore, an accurate numerical approach is needed to obtain the precise mode condition of these two NWs for the design. On the other hand, as to all practical optical waveguide with 2-D confinement, the eigen modes are classified as quasi-TE and quasi-TM modes, and all the contain six components of the E and H fields. Thus, a full-vectorial numerical method should be used to find accurate eigen modes in these NWs.
The full-vectorial numerical method used here is an H-field based FEM, one of the most accurate and numerically efficient approaches. The formulation is based on the minimization of the full H-field energy functional [23] ,
where H is the full-vectorial magnetic field, * denotes a complex conjugate and transpose, ω 2 is the eigenvalue (ω being the angular frequency), p is a weighting factor for penalty term to eliminate spurious modes andε andμ are permittivity and permeability tensors, respectively. This full-vectorial FEM is also used to determine the coupling length between the fundamental mode and the higher order modes through calculating the propagation constants of the even and odd supermodes.
The beam propagation method (BPM) [24] is a useful approach to study the evolution of optical waves along z-variant optical structures and calculate the power transfer during modal conversion. However, for an ADC, composed of two buttcoupled uniform NWs with only two discrete interfaces, a junction analysis approach would be numerically more suitable. The LSBR method is more accurate than the other available techniques for the analysis of power transfer characteristics in practical guided-wave problems [25] . The LSBR method looks for stationary solution to satisfy the continuity conditions of the tangential E and H fields in a least squares sense over the interface by minimizing the error energy functional, J, as given [26] 
where Z 0 is the free-space wave impedance and a is the dimensionless weighting factor to balance the electric and magnetic components of the error functional. The integration is carried out at the junction interface, Ω, between the access and asymmetric Silicon NWs. For the structure with one junction, this method would be more efficient and rigorous than that of the BPM.
III. RESULTS AND DISCUSSION
Design accuracy depends on the solution accuracy, and for any numerical method that depends on the numerical parameters used. For the FEM modal solution of SOI NW, accuracy depends on the finite number of elements applied for characterization, and this is tested first. The propagation constant β(ω) obtained from the FE modal solution, and the effective index, n eff , of the NW can be calculated by n eff = λβ(ω)/2π, where λ is the operating wavelength. Variation of the effective index, n eff of the fundamental quasi-TE, H 11 y , mode with the number of mesh divisions N × N used to represent the half structure is shown in Fig. 1 by a solid blue line. The refractive indices of Silicon and Silica are taken as 3.4754752 and 1.4440236 at the operating wavelength of 1550 nm, respectively. The waveguide under consideration has its width and height, W = 400 nm, H = 220 nm, respectively. It is obvious that n eff increases rapidly at first and then reaches a constant value asymptotically as N increases. The accuracy of n eff rises to fourth decimal place when using a mesh size of 600×600. Aitken's procedure extrapolation [27] has been used to assess the precision of the modal solution for this structure, which extrapolates from three successive values of n eff with a fixed geometric mesh division ratio in both the transverse dimensions of a waveguide:
The extrapolated values of n ∞ eff is also plotted in Fig. 1 by a red solid line. For instance, according to Eq. (3), we calculate Aitken's value from three n eff values of 2.10427, 2.10867, 2.10987 for mesh N = 250, 500 and 1000, respectively. The extrapolated value is 2.11032 from these there values. The advantage of introducing Aitken's extrapolation is illustrated clearly in Fig. 1 .
We have also compared our full-vectorial FEM results with two commercial software (COMSOL and Lumerical), which are given in Table I . For commercial software the mesh sizes are often classified to different levels. In COMSOL, mesh sizes are classified by coarser, coarse, normal, fine, and finer. In Lumerical, the mesh sizes are divided from Level 1 to Level 8, and the Level 8 is the finest one. With the increase of the mesh size, the effective indices calculated by our method and COMSOL increase to a constant value asymptotically, but the effective index calculated by Lumerical decreases to a constant value. These different natures are often due to the variational formulations adopted by different numerical approaches. Besides that, numerical accuracy also depends on the boundary condition used or the distance of the boundary walls from the core. It can be observed from Table I that when using the best mesh size possible, the effective index values from the full-vectorial FEM and COMSOL are within 0.02% of each other, but effective index value by Lumerical is about 0.08% higher than that of the two FEM values.
Next, the effect of NW width on the phase matching condition is studied. Variations of the effective indices, n eff of the eigen modes including fundamental quasi-TE H Fig. 2 . It can be observed that the effective indices of the all the quasi-TE and quasi-TM modes increase rapidly at first and then asymptotically reach their stable values when the NW width increases. The effective index of the quasi-TE mode is bigger than that of the quasi-TM mode of the same order when the width of the NW is bigger than its height. The effective indices of any quasi-TE or quasi-TM modes of one guide may be made equal to another mode of a second guide when the value of the effective index value is low, as shown by a black dotted line. However when the value of the effective index is larger enough, for example, bigger than 2.0, only quasi-TE modes of SOI NW with different specific widths may have the same effective index, indicated by a black dashed line. The second order quasi-TE, H 21 y mode approaches its cutoff when the width is lower than 600 nm for H = 220 nm. Based on above result, the schematic cross section of ADC for mode (de)multiplexer is shown in Fig. 3 , consisting of two Silicon NW with unequal widths but of equal height, H. All the parameters can be easily controlled by mask design, so it will be easy for fabrication. The width of the SMNW which is used for access is identified by W S , while the width of the MMNW is identified by W M . The separation between two waveguides is taken as S. Accuracy of a design critically depends on the solution accuracy. As we have identified n eff depends on the mesh used, next accuracy of phase matching is also studied. We calculated the effect of mesh size on defining the width of the MMNW for phase matching with a access SMNW. Variation of the width of MMNW when its H 21 y mode is phase matched with the H 11 y mode of the SMNW with the width of 400 nm, along the mesh size used and improvement by Aitken's extrapolation are shown in Fig. 4 , as an example. For mesh size of 200 × 200, the propagation constant of the SMNW is 8.51799 μm −1 , shown by green horizontal line and it suggests W M should be 827 nm, shown by green slanted line. On the other hand, as the mesh size increased to 400 × 400, the propagation constant of the SMNW incerases to 8.54453 μm −1 , and new phase matching condition sugget that that W M should be equal to 815 nm, a shift of 12 nm from the former one, shown by a blue slanted line. When the mesh size is increased further to 800 × 800, the red solid line in Fig. 4 shows that the propagation constant of the SMNW is 8.55181 μm −1 , the required phase matching width of the MMNW is now 811 nm, with a further shift of 4 nm. We calculated Aitken's value of the propagation constant from three values above as their mesh division ratios are identical, plotted by black slanted line. The propagation constant of SMNW is 8.55456 μm −1 , and the phase matching WMNW width needs to be 810 nm, reduced further but by only 1 nm. It can be seen that the phasematching width decreases as the mesh size increases and the difference between the value of FEM approach with low mesh size of 200 × 200 and that of more accurate Aitken's extrapolation is about 17 nm. It is clear from this that the accurary of the numerical approach used is very important. As the performance of any ADC critically depends on the accuracy of the phase matching, later on, it will be shown the effect of the solution or fabrication accuracy on the performance. Design by a less accurate methord or less accurate mesh may not be able to achieve expected performance, and a viable design. An ADC as shown in Fig. 3 is considered to achieve phase matching between higher order quasi-TE or quasi-TM modes and the fundamental quasi-TE or quasi-TM mode. First, We consider phase matching between H y mode are more intense, and as a result, the gap between these two effective indices near the phase matching is larger and the phase matching width shifts to W M = 818 nm. It is known that for identical coupled guides, the phase matching width remains constant when the separation is changed. However, for nonidentical coupled guides, the phase matching width varies as the mutual loadings of the two guides are different for different separations. The phase matching widths for the H Tables II and III . We can also observe from Table II and III that the width of phase-matching MM NW will increase with the reduction of the separation for both polarization modes. In comparasion with the similar work of another group [17] , [18] , their designs show the phase matching MMNW widths for the H 21 y mode, the H 31 y mode, and the H 41 y mode cases are 835, 1238, 1631 nm, respectively, and the width of SMNW for each case is the same as ours. It can be observed that the phase matching MMNW width used in their designs is significantly larger than ours, particularly for the H 41 y mode case. According to our study shown above, low separation and low mesh size for the FEM may cause the increase of the phase matching MMNW width. Although the waveguide seperations in their designs are not given, but it is most likely that a low mesh refinement may have been used which can explain the reason for their required phase martching width being wider than ours. On the other hand, to phase match the fundamental quasi-TM mode in a 400 nm wide guide, for their designs of higher order quasi-TM mode (de)multiplexer [18] , the phase matching MMNW widths for the H 21 x , the H 31 x , and H 41 x modes were reported as 1035, 1695, and 2363 nm, respectively, which are narrower than our results given in Table III . This correlates with our observation that the phase matching widths for isolated quaisi-TM modes increases as the finer mesh is used.
The 2-D H y field contours of the two supermodes in the ADC are given as insets in Fig. 6 , when the H 21 y mode in the MMNW is phase matching to the H 11 y mode in the SMNW. In this case the width of SMNW is 400 nm and for separation of 100 nm the phase matching width of the MMNW is 818 nm. The left and right guides in both the insets are SM and MM guides, respectively. The inset in the lower left shows the odd supermode field profile, where sign of field is inverted at the interface when the H 11 y and the H 21 y modes merge. The even supermode field profile is shown in the upper right inset, and the sign of the field remains the same at the interface. In order to show the magnitude of the field clearly, field profile of the even and odd supermodes in the center of the guides along the X-direction (Width-direction) are shown by a blue solid line and a red dashed line, respectively. For phase matching condition, the power in each guide must be very similar. As the width of MMNW is bigger than that of SMNW, it can be observed that the peak of the H 21 y part of the field of the two supermodes is smaller than that of the H Fig. 7 . It can be observed that the coupling length reaches its peak at the phase matching width because the difference between the effective indices of the two supermodes are minimum there. The coupling length is longer and its variation with the width of the MMNW, W M becomes sharper when the separation is increased. Therefore, for narrower separation, not only the coupling length is shorter, but it would be also less sensitive to the changes in the MMNW width. We also calculated the variations of the coupling length, L C with the width of the H 21 x mode guide for different separations, which is not shown here. However, it was observed that for quasi-TM modes, a wider separation of 500 nm may be better. Tables II and III list the coupling lengths for different higher order modes and separations when satisfying the phase matching condition. After calculating the widths of MM guides necessary for phase matching, together with the coupling length for the ADCs, the LSBR method is applied to calculate the power transmission of the structure and to evaluate the effect of possible fabrication tolerances. This approach yields the transmitted modal coefficient of the even supermode, C e , and the odd supermode, C o , excited in the SMNW and ADC interface to satisfy the continuity of the tangential Electric and Magnetic fields. The ADC section of H 11 y mode and H 21 y mode (de)multiplexer is considered next, as example. Variation of these two supermodes' coefficients with the SMNW width for different separations S 1 = 100 nm, S 2 = 200 nm are shown in Fig. 8(a) . The phase matching widths of the MMNW for each separation are used in these cases. It can be observed that the coefficient of the even mode increases, and the coefficient of the odd mode decreases, when the SMNW widens. For S 2 = 200 nm, the values of C e , C o are 0.69927 and 0.70730, respectively, at phase matching and are very close to 1/ √ 2 when both the supermodes carry half power, ideal values for weak coupling. In this case, 99.5% power can be transferred from NW to the ADC. For S 1 = 100 nm, the values of C e , C o are decreased a little to 0.69616 and 0.68406, respectively, at phase matching, and 99% power can be transferred from NW to the ADC. It can be observed that, for larger separation, more power will be transferred. However, it is clear that for smaller separation, C e , C o is less sensitive to the change of the SMNW width. Both of these two aspects should be considered for a practical design.
Setting the coupling length, L C , as the length of the ADC section, Z, two excited supermodes would be out of phase at this distance. As a result, the H 11 y mode field in the SMNW will disappear, and instead, the phase-matching higher order mode field in the MMNW will be added up, as a result of vector addition of these two supermodes. The power in each NW can be calculated from the modal coefficients, phase difference and their full vectorial mode profiles. Variations of the power of the H the MMNW with the change of the SMNW width for different separation S 1 , and S 2 , are shown in Fig. 8(b) . The device length and the MM waveguide width here are kept fixed to the idealized design for each separation. It is shown that the maximum normalized power of the H 21 y mode, P tM , in MMNW which indicates the normalized mode conversion power, drawn by red solid and dashed lines are about 0.990 and 0.995 for S 1 = 100 nm, and S 2 = 200 nm, respectively. It means more than 99% power of the input H 11 y mode wave in SMNW is converted to the H 21 y mode wave in MMNW successfully. The minimum amount of the normalized unconverted H 11 y mode power in the SMNW which would be defined as crosstalk, CT, plotted by blue solid and dashed lines, and these are about -20.01 dB and −23.52 dB for S 1 = 100 nm, and S 2 = 200 nm, respectively. It can also be observed that the variation of the SMNW width away from the ideal phasing matching width will cause a significant deterioration of the performance, especially for a wide separation. For ±10 nm fabrication error, P tM will reduce to 0.611 and 0.009 for S 1 = 100 nm, and S 2 = 200 nm, respectively. Therefore, the structure with the narrow separation should be chosen for design, as its performance is less sensitive than that of the one with a wider separation. It is clear that when the fabrication error of the SM guide is less than ±5 nm, the P tM value is reduced by only ∼10%, while CT increases to −9.7 dB. Here, it should be noted the importance of the design accuracy. If the numerical method suggest a design which is inaccurate by 10 nm, even when fabrication was perfect, the performance will be deteriorated as illustrated here.
Variations of the crosstalk, CT and the power of the H 21 y mode in the MMNW, P tM with the MMNW width change, ΔW M for the fixed and unfixed W S cases are shown in Fig. 9 . Here, the separation is taken as 100 nm for the two cases. The length of the ADC section is fixed at the coupling length of phase matching condition, Z = 13.773 μm. For the fixed case, the width of SMNW, W S remains constant at 400 nm and only the WM is changed by ΔW M . For the unfixed case, both the width of SMNW and MMNW are changed by the same account, shown here as ΔW S = ΔW M . It can be observed that the decrease of P tM is less than 12%, while CT rises to about -9.4 dB when the width is changed by 10 nm for the fixed W S case. For the case when W S is also changed, with the 10 nm width variation of both SMNW and MMNW, P tM decreases to 0.86, and CT increases to -8.4 dB. It can be also observed that the values of P tM and CT for the two cases are almost similar when the width of MMNW are larger than the optimal value. However, for the negative change, the deterioration are more when W S was also changed, and the differences of the P tM and CT for both the cases increase when the absolute value of the width error increases. Compared with the performance deterioration caused by changing SMNW only, as shown in Fig. 8 , it is less sensitive when SMNW and MMNW have the same width variation.
Next, in order to evaluate the influence of random NW width change, two 2-D contours, Figs within ±10 nm. These show the results for all the possible combination of SMNW and MMNW width changes. It can be observed that, for the ideal case, when W M is = 818 nm and W S is 400 nm, P tM is maximum as shown by dark red contour in Fig. 10(a) . Similarly in this case, the CT is also the minimum as shown by dark blue countour in Fig. 10(b) . If either W S or W M changes from their ideal values, both P tM and CT deteriorates. However, as shown in both the figures, when both W S and W M increase or decrease, the performance deterioration is minimum, as shown by the slanted elliptical shape of the contours. However, it can also be observed that performance deterioration is more sensitive to W S , as the contours are narrower in the horizontal direction. Figures 10(a) and (b) show possible deterioration of the performances for a range of random change in both W S and W M . The deterioration caused by fabrication error of the separation is also analyzed, but not shown here. The value of P tM decreases by only 3%, and CT is better than −14 dB for ±10 nm fabrication error. Regarding the change in the separation, the performance of the structure is stable and insensitive to the mild variation of this parameter.
After evaluting the performance with the changes of widths, the fabrication tolerance of the ADC section height is also studied. Variations of the power of crosstalk, CT, and the power of the H 21 y mode, P tM , in the MM waveguide with the change of the height are shown is Fig. 11(a) . It is shown that for the fixed length case, Z = 13.773 μm, the P tM and CT deteriorates by less than 5% and 5 dB, for ±10 nm fabrication error, respectively.
The effect of operating wavelength variations on the performance of the ADC section is also studied and shown in Fig. 11(b) . It is shown that the crosstalk, CT, is better than −10 dB in a ∼ 50 nm wavelength bandwidth.
In order to show the effect of fabrication error more clearly, we plotted the shape of the |H y | field at the output sides of the ADC section with the optimal and the worst parameters in Fig. 12 . It is clear that most of the power of the input H 11 y mode in the SMNW is converted to the H 21 y mode in the MMNW efficiently for the optimum design, as shown by a red line. A small residual field in the SMNW is also visible. However, for a possible change in W M by 10 nm, which could be due to fabrication error, the converted mode profile is shown by a blue line. After that, the converted mode profile is also shown by a green line when W S is changed by 10 nm. It can be observed directly that the performance slightly deteriorates to the change of the MM guide width, but suffers larger deterioration to the variation of the SM guide width.
We also evaluated the performance deterioration due to fabrication tolerances of the ADC section for the H Fig. 13 , as an example. In this case, the width of the SMNW and separation are taken as 406 and 100 nm, respectively. It is shown that the decrease of the P tM is about 15%, and CT deteriorates to about −8.40 dB when the width is changed by 10 nm.
IV. CONCLUSION
The asymmetric directional coupler for SOI mode (de)multiplexer presented here only contains two simple straight Silicon NWs, so it will be easy to be fabricated. Multiple channel modes (de)multiplexer can be realized through cascade of a series of asymmetric directional couplers [18] .
A detailed design optimization of asymmetric directional sections for the fundamental quasi-TE (TM) mode and the higher order quasi-TE (TM) mode (de)multiplexer including the H x ) modes is reported. The accurate width of the MMNW is found by FE M approach. The performance deterioration due to fabrication errors is discussed in depth by varying key NW parameters, including the widths, separation, and height. For quasi-TE mode, a narrow separation of 100 nm should be employed for robust design, which will be less sensitive to the slight fluctuation of the separation, the width of the MMNW, and its height, which may satisfy fabrication tolerance condition of ±10 nm. On the other hand, for quasi-TM mode, a relatively wider separation of 500 nm may be adopted. It should be noted that the structure is significant sensitive to the change of the SM NW width, as the crosstalk CT increases to -4 dB for fabrication error of ±10 nm. The fabrication of SM guide is required to be strictly accurate, which should be less than ±5 nm. It is also shown that operating bandwidth of the structure is wide enough and suitable for WDM applications. It is also shown here, accuracy of the design must be tested rigorously and if not careful the design may not be viable.
